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RANDOM  CHORDS  OF  A  SPHERE 


Model  1:  Chord  joining  two  points  Independently  uniformly  distributed 
on  surface  of  sphere , 

We  can  let  the  position  P1  of  the  first  point  he  arbitrary.  Then 
the  Pr [£  <  L  <  t+&£)  is  ^  tines  the  area  of  the  circular  hand  ir. 
the  following  figure: 


Now  the  width  of  the  band  is  ds  =  secqp  d l.  But  cp  is  the  angle 
between  P^B  and  the  tangent  to  the  circle  at  B.  Hence  by  elementary 
geometry,  cp  is  equal  to  the  angle  subtended  on  the  upper  part  of  the 
circle  by  the  chord  P^B.  But  this  angle  is  just  ^  -  0.  Hence  cp  = 
and  therefore  ds  =  cacddl.  Now  the  area  of  the  band  is  ds  times  its 
circumference,  which  is  2rc.isin@. 


2 


Area  of  band  =  cac  0  di  •  2it  i  ain©  =  2rti  di 
Pr{i  <  L  <  i+di)  =  ^  -2*  i  di  =  |  di 
f(  i)  =  i/2  ,  0  <  i  <  2 

« <) » y 2  ^ = tfii  -  r 

v«(/i . y2  //a  a<  -  .  t4»o  -  t ■  I  • 


Model  2:  Chord  in  random  direction  from  point  uniformly  distributed 


on  aurface. 

Let  the  position  of  the  point  be  P.  Let  0  be  the  angle  between 
the  random  chord  through  P  and  the  diameter  through  P. 


Since  the  chord  PQ,  is  randomly  directed,  we  know  from  a  well-known  re¬ 
sult  that  the  density  of  8  is  proportional  to  sin©,  i.e.,  6  has  density 


5 


g(a)  »  sinfl,  0  <  9  <  2  .  Now  triangle  PQJt  1b  a  right  triangle  with 

hypotenuse  of  length  2,  hence  i  =.  cose.  Thus  ~  =  2 Bind .  The 

00 

density  of  i  iB  thus  f(i)=g(a)/~  =  ||fsa  =  I  *  i'e*' 

f(i)  -  |  >  0  <  A  <  2  .  (2) 

E(  /)  =  1,  Var(  /)  «  ^  . 


f(/) 


0  <  f  <  2  ... 

(3) 
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I 


r(J)r(|)  i  , 

p/oV  ‘  2 


«/)  .2  r1^1/2  (i-u)to.S!i 

J  a 


?r(|)u(s) 


2  ft  8 


.* .  Var(  i)  =  |  -  jp 


Model  U:  Center  of  chord  uniformly  distributed,  inside  sphere*  random 


direction* 

Let  r  be  the  distance  of  the  chord  (i.e.,  the  center  of  the  chord) 

from  the  center  of  the  sphere. 

Pr(r  <  r  <  r  +dr)  =  Pr(r  <  r  +dr)  -  Pr(r  <  r  ) 
o  —  —  o  —  0  —  o 

. / If  -j  _  .  1  ih  .  .3 \ 


-J—  rt(r0+dr)3)  -  ip-  (j  it 

T  If  ST  It 


(r  +dr)5  -  r> 


-  3rodr  +  o(  dr) 


Hence  r  has  density  g(r)  =  5r  ,  0  <  r  <  1  . 

Now  1=2  /l-r2  ,  r  =  fi-f/2  ,  |~[  =  •  . 


density  of  i  is  given  by 


f(  i)  =  3r£ 


Hence  the 


2  2  2 


f)  «*  |  J  /  A-  /2  dJ 


0  <  t  <2  .  (5) 


4-/ 

As  before,  letting  u  =  — jp  ,  we  get 


E (  i)  s  |  J  4(l-u)  •  2u1//2  * 

3r(|)r(|)  3.{  3rt 

"  r(3)  ~  2  “  Q  ‘ 


2( 1-u) 


172 


du  =  3 


f 1  u^2(l-u] 
Jo 


)1//2du 


o  r1  1/2  or{f)r('c 

Similarly,  E(r)  =6  u7*(l-u)du  =  — £-*— 

J0  r(I) 


6r(|)r(2)  6-|/rt  8 

FTX/i“  5 
2  2  2  » 


Var(  1)  a  I  -  ^  • 


Model  5:  Chord  in  random  direction  through  point  uniformly  distributed, 
inside  sphere. 

Let  t  be  the  distance  of  the  random  point  P  from  the  center  of 
the  sphere.  Let  0  be  the  acute  angle  between  the  chord  and  the 
radius  through  P.  Then  the  distance  from  the  center  to  the  chord  is 
r  =  t  sin  9.  The  following  figure,  which  gives  the  croBS-section 
through  the  sphere  containing  the  chord  and  the  center  of  the  sphere, 
illustrates  this. 
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Now,  since  the  chord  through  P  has  random  direction,  we  know  that  8 
has  density  g (©)  «*  sin  9,  0  <  6  <  ^  .  Let  t  he  given.  Then 
dr  =  t  cos  6  d9  .  Thus  the  conditional  density  of  r,  given  t  is 


h(r|t)  =  sin  «  ia|-2  -  — “==  ,  0  <  r  <  t  (6) 

i  /t2-r2 

Now  since  P  is  uniformly  distributed  inside  the  sphere,  t 
2 

has  density  g(t)  »  5t  ,  0  <  t  <  1,  as  was  demonstrated  previously 
in  Model  4.  Hence  the  density  of  r  is 
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Now 


i  =  a/u7,  |g| 


2r 


f(  l )  =  3r  /u?  .  ,  |  (i-r2)  =  |  i2  ,  0  <  i  < 


(8) 


E  (i) 


E( 


*>-&/“  A*-*-*-2* 


* .  Var(  l)  a  f  =  go  • 


Model  6:  Chord  through  two  point B  independently  uniformly  distributed 
lnnlde  sphere. 

Let  the  position  of  one  of  the  points  P^  be  at  a  distance  t 

from  the  center.  We  will  first  condition  on  t.  Consider  P(L  >  i|t) , 

/  2  1 

for  2  /l-t  <  i  <  2.  This  is  just  ^  times  the  volume  of  a  pair  of 
conical  regions  inside  the  sphere,  with  common  axis  the  diameter  through 


P^.  The  following  figure  illustrates  the  region. 


Cross-section  Containing  A,B,D,C 


We  have  | P^C  |  -  |P^a|  -  b,  |P^B|  >-  |P^Di  ••  a,  a-tb  =  £  .  Also, 

|p^E|  -  y,  | OF |  ^  x  .  (If  F  lies  on  the  same  side  of  0  as 
p^  ,  then  we  take  x  to  be  negative).  It  is  clear  that  L  >  £  if 
and  only  if  the  second  point  P g  lies  inside  the  regions  bounded  by 
the  sides  of  the  cones.  Now  the  region  above  (having  A  and 

0  as  boundary  points)  consists  of  a  cone  with  flat  base  of  height  y, 
plus  a  spherical  cap  of  height  1-t-y  Similarly,  the  region  below 
P^  (having  D  and  B  as  boundary  points)  consists  of  a  cone  of 
height  x+t  and  a  spherical  cap  of  height  1-x  „  We  want  to  obtain 
the  volume  of  these  regions  in  terms  of  t  and  £  . 

Consider  a  spherical  cap  of  height  h,  0  <  h  <  1  Its  base  is 
a  circle  of  radius  J L-  (l-b  f 


Now,  clearly,  the  volume  of  the  cap  is  given  by 


L 


x/l-ll-r. ) 


r  dr  d>-  . 


( cont. . ) 


Similarly,  the  lower  cone  has  volume 


V4  r  ~  a  (l-*2)(t*x) 


U3) 


Adding  (10)  -  (lj),  ve  get 


v-VVVV  * 


3  +  (|  +t£-l)y4ty2-  |  x-  |  x2-  &  +  ^ 


dM 


We  want  to  express  V  in  terms  of  t  and  l  ,  To  do  this,  we  have 
to  find  expressions  for  a,b,x,  and  y  in  terms  of  t  and  /  . 

Now,  from  elementary  geometry,  we  know  that,  for  two  intersecting 
chords  of  a  circle,  the  product  of  the  segments  of  one  is  equal  to 
the  product  of  the  segments  of  the  other.  Applying  this  to  chords 
AB  and  GH,  we  get  ab  (l-t)(lHj  ,  Now  using  the  relation 
a  +  b  =  l,  we  can  solve  a  quadratic  equation  to  obtain  the  relations. 


!*•  J¥~- 


Vl-t2) 
2 


(15) 


b 


jo  r 

l-  vT4( l-t£ 


(16) 


We  also  have  the  relations  b2-y2  l-(y*t.2  and  1-x2  -  a2-(t-*xj2, 

from  which  ve  obtain  the  following  expressions  for  x  and  y 


x  - 


2  ,2  , 

a  -t  -1 

2t 


(1 1. 
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V 


Model  7:  Chord  normal  to  random  intersecting  plane,  through  point  uniformly 
distributed  Inside  circle  of  Intersection, 

By  random  planes  we  mean  planes  with  measure  invariant  under  rota¬ 
tions,  translations  and  reflections  .  We  are  interested  in  the  condi¬ 
tioned  space  of  random  planes  which  intersect  the  sphere.  Let  p  be 
the  distance  of  the  random  intersecting  plane  from  the  center  of  the 
sphere.  The  random  chord  is  obtained  by  choosing  a  point  P  having 
uniform  distribution  in  the  circle  of  intersection  of  the  plane  with 
the  sphere,  and  drawing  the  normal  to  the  plane  through  that  point.  Let 
r  be  the  distance  of  the  point  P  from  t  he  center  Q  of  the  circle 
of  intersection,  0  <  r  <  /l -p?  ,  (See  figure.) 


Let  p  be  given.  Then 


P(  r  <  r  <  r  +  dr )  =  — 
o  —  —  o 


'( 1  -pc  ) 


[■■(Vdr/? 


x 


0  <  ro  <  /i-p2  . 


2r 

— ~  dr  •*  o(  dr ) 
1-P* 


U 


Hence  the  conditional  density  of  r  given  p  is 


g(r|p)  ,  0  <  r  <  1  -  p2 


1-p 


(25) 


Now  since  OQ  and  the  chord  are  both  normal  to  the  same  plane,  the 
distance  from  the  chord  to  the  center  0  is  r  .  Hence  the  length 
of  the  chord  is  it -2  JT?,  |™  |  r.  — ~  .  Making  the  Iran s forma - 


\/l-r2 


tion  to  /,  we  obtain  the  conditional  density  of  t  : 

f(*b)  "  - l—  >  &<*<&  (26) 

i-p  i-p  Hi-/) 

Now  from  the  theory  of  random  planes,  we  know(cf.  Kendall  and  Moran  [6], 
pp.  20-22)  that  p  has  the  uniform  distribution.  Hence  the  density 
of  t  is 

r  V 2  ,  r  e/2  o  <  ,  < 

fU)-Ja  f«lp>< p-/0  w  *  snsr)  *> 


£ 

¥ 


£n(l+p)  -  log  (i-p) 


P-c/2 

P  r.  0 


r  in  ~~  ,  0  <.  «  < 

•+  cL~  L  ■*" 


v.-7; 


it 


/•Jn(2+i)dl  -j  /in(2-i)d/l 


u(e^u-W:iu+4eu)du  - 


/“  u(e^u-l«2u+4eu)du  \ 


i)+l«3U(  u-l) 


u-Zn4 


u=/n2 


I*  3»  1  2u  ,  1  fnkl  . 


/n2  +  |  . 


In  a  similar  manner,  we  obtain  E(  £ )  =  —  . 


Hence,  var(  i) 


~  ~  in2  -  (in2J2 


Model  8;  Chord  normal  to  plane  of  random  great  circle,  through  point 
uniformly  distributed  in  circle  of  intersection. 

This  randomness  model  corresponds  to  the  measure  obtained  by 
taking  the  restriction  of  "random  lines"  in  3  dimensions  to  those 
intersecting  the  sphere,  where  "random  Lines"  in  3  dimensions  refers 
to  the  measure  on  lines  which  is  invariant  under  translations,  rota¬ 
tions  and  reflections . 

Let  r  be  the  distance  of  the  chord  from  the  center. 
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random  great  circle 


chord 


By  construction,  P  is  uniformly  distributed  inside  the  great  circle. 
Hence,  applying  (25)  with  p  =  0,  the  density  of  r  is 


g( r)  a  2r,  0  <  r  <  1 


Making  the  transformation  1-2 


47 


we  obtain  the  density  of  l; 


t(  t)  •  |  ,  0  <  I  <  2  . 


We  observe  that  this  is  the  same  density  as  that  obtained  under 
Model  1,  where  the  chord  is  formed  by  joining  two  points  independently 
uniformly  distributed  on  the  surface  of  the  sphere..  Since  thf 
measures  on  chords  induced  by  both  models  are  rotation-. L iy  symmetric  by 
construction,  it  is  clear  that  the  two  measures  are  identical 

Model  8,  being  the  measure  Induced  on  chords  by  "random  lines"  in 
3  dimensions,  could  be  considered  the  natural  measure  on  chords  of  a 
sphere.  This  measure  has  the  advantage  of  inducing  the  identical 
measure  on  chords  of  any  sphere  contained  within  the  original  sphere. 

We  have  seen  that  this  natural  (or  invariant)  measure  on  chords  can 
be  obtained  for  the  sphere  by  choosing  the  endpoints  of  the  chord 
independently  and  uniformly  on  the  surface.  However,  this  is  not  true 


IT 


in  general  for  arbitrary  convex  figures  in  3  dimensions.  One  way  of 
constructing  chords  of  an  arbitrary  convex  body  A  in  3  dimensions 
having  the  natural  measure  is  as  follows:  Choose  the  direction  u  of 
the  chord  with  probability  proportional  to  the  area  of  the  projection 
of  A  along  u.  Let  the  intercept  of  the  chord  with  the  plane  normal 
to  u  be  uniformly  distributed  over  the  projection  of  A  onto  the 
plane.  This  defines  the  chord  uniquely. 

Kingman  [8]  obtained  relations  between  the  measures  induced  under 
models  5 ,6  and  8  for  arbitrary  bounded  convex  regions  in  En.  If  we 
denote  the  length  of  the  chord  a  by  i(cr),  and  let  4.  be  the  measure 
on  chords  under  model  i,  then  his  results  were: 

dcr)  od /( cr)  ^(do)  (30) 

u6(  da)  ^  |°+1(  a)  ^(do)  .  (31) 

Clearly,  the  densities  we  obtained  for  chord  length  in  the  case  of  a 
sphere  in  E?  agree  with  these  relations. 

The  following  table  summarizes  our  results. 
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Model 


1.  Joining  two  random 
points  on  surface 


2.  Random  direction 
from  random  point  on 
surface 


5*  Random  direction, 
uniformly  distribu¬ 
ted  distance  from 
center. 


4.  Chord  center  uni¬ 
formly  distributed 
inside  sphere;  random 
direction 


5-  Random  direction 
through  random  point 
inside  sphere 


6.  Through  2  random 
points  inside  sphere 


7.  Normal  to  random 
Intersecting  plane, 
through  random  point, 
in  circle  of  inter¬ 
sects 


8.  Normal  to  plane 
of  random  great  ciic.le, 
through  random  point 
in  circle  of  Intersec¬ 
tion.. 


2  Vh.f. 


I  Vk-lc 


JL  £> 
32 


1  ,  s*t 
TT  £n  271 


V(t) 

Var (1) 

h 

3 

-  1-333 

2 

9 

:=  ,222 

1 

=  1.000 

1 

3 

»  .333 

* 

2 

-  1-571 

8  *2 

3  •  T 

-  .199 

2* 

T 

«  1 .178 

8  9*2 

5  ‘  “SF 

u  ,212 

3 

2 

-  1.500 

.150 

12 

7 

■  1.714 

3 
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-  .061 

4  2 

3  lne‘  f  3 

=  1-591 

20  16  <  .  .  20  > 
-75-  ’  “  ^n2+/n  2) 

-  ,134 

same  as 

Model  1 
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